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Definition of Smaller
Alignment Index (SALI)

Consider the2N-dimensionalphase space of a conservative dynamical
system(symplectic map or Hamiltonian flow).

An orbit in that space with initial condition :
P(0)=(x(0), %(0),...,%\(0))

and adeviation vector
v(0)=(6%,(0), 6X,(0),..., 8%, (0))

The evolution in time (in maps the time is discrete and is eguao the
number n of the iterations) of a deviation vectoris defined by:

the variational equations (for Hamiltonian flows) and
sthe equations of thetangent map (for mappings)



Definition of SALI

We follow the evolution in time of two different initial
deviation vectors (v,(0), v,(0)), and define SALI (Ch.S.
2001, J. Phys. A) as:

SALI(t) = min {7 () +V (1) | ¥ (O-v @ |}
where
PAC
A AT

When the two vectors becomeollinear

SALI(t) — O



Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov
exponent.
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Behavior of SALI for chaotic motion

For chaotic orbits the two initially

different deviation vectors tend to Vz(t)
coincide with the direction defined .
by the maximum Lyapunov .- pred

exponent. ' 02 (t) V.
' 1

R SALI(t
ro V(1) ®

Trajectory



Behavior of SALI for chaotic motion

The evolution of a deviation vector can be approxiated by:

v (t) Zc(l) ct" ql) élt q + él) ézt

wheres¢,>0,>... = o, are the Lyapunov exponents,and u =1, 2, ...,
2N the correspondlng eigendirections.

In this approximation, we derive a leading order esmate of the ratio

vi(t) clPem'l +c) @ U _ 621) —

HV (t)H ~ ‘ oW g ‘ dll)‘ U,
and an analogous expression for,v

v,() cPeU+cPe'y, . & e

Mol e et
So we get: \

_ o a®  ve® [ fva® v [ [CE L CF L e

SALI(t) = min >R + 1702

{ ol 0l Vol bl ‘ | |c?)




Behavior of SALI for chaotic motion

We test the validity of the approximation

SALI e (o192}t

(Ch.S.,

Antonopoulos, Bountis, Vrahatis, 2004, J. Phys. A) tor a chatic orbit
of the 3D Hamiltonian

with ®,=1, ®,=1.4142,0.,=1.7321,H=0.09
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Behavior of SALI for regular motion

Regular motion occurs on a torus and two different initial
deviation vectors become tangent to the torus, generally
having different directions.
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Behavior of SALI for regular motion

Regular motion occurs on a torus and two different initial
deviation vectors become tangent to the torus, generally
having different directions. R

v,(0)

YZ(O)

Nl




Applications —Hénon-Helles system

As an example, we consider the 2D Hénon-Heiles system

L o 2 L 5 2 2 1 4
H, = §(p;, + ) + §(r- +y°) + 2%y — Y
For E=1/8 we consider the orbits with initial conditions:
Regular orbit, x=0, y=0.55, g=0.2417, p=0
Chaotic orbit, x=0, y=-0.016, p=0.49974, p=0
Chaotic orbit, x=0, y=-0.01344, p=0.49982, p=0
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Applications —Hénon-Helles system
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Applications —4D Accelerator map

We consider the 4D symplectic map

X cosm, -Sinm, 0 0 X,
' : 2 2
X5 |_| Sihe,  COv, 0 0 y X, + X1 -X35
, :
X5 0 0 Cosn, -Sinm, X,
X/, 0 0 Sinw, Cow, X, = 2X, X,

describing the instantaneous sextupole klcksexperlenced by aparticle as it
passes through an accelerator(Turchetti & Scandale 1991, Bountis &
Tompaidis 1991, Vrahatis et al. 1996, 1997).

X; and x5 are the particle’s deflections from the ideal circular orbit, in the
horizontal and vertical directions respectively.

X, and x, are the associated momenta
o, ®, are related to theaccelerator’s tunes g, g, by ®,=2xq,, ©,=2rq,

Our goal is to estimate theregion of stability of the particle’s motion, the so-
called dynamic aperture of the beam(Bountis, Ch.S., 2006, Nucl. Inst Meth.
Phys Res. A)and to increase its size using chaos control techniqu¢Boreaux,
Carletti, Ch.S., Vittot, 2012, Com. Nonlin. Sci. Num. Sim. -Boreaux, Carletti,

Ch.S., Papaphilippou, Vittot, 2012, Int. J. Bif. Chaos).



4D Accelerator map— "Glinia|" sttwaly

Regions ofdifferent values of the SALI on the subspace
X,(0)=x,(0)=0, after 1 iterations (q,=0.61803 ¢=0.4152)

1 4D map 1 Controlled 4D map
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4D Accelerator map— "Glinia|" sttwaly

Increase of the dynamic aperture

We evolve many orbitsin 4D hyperspheres of radius r
centered at x=X,=x3=X,=0, for 10° iterations.
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4

Xl X1+ X2
. .
X, = X,-vSin(X;+X,)

(mod 2r)

Forv=0.5 we consider the orbits:
regular orbit A with initial conditions x,=2, x,=0.
chaotic orbit B with initial conditionsx,=3, x,=0.




Behavior of SALI

2D maps
SALI —0 both for reqular and chaotic orbits

following, however, completely different time rates which
allows us to distinguish between the two cases.

Hamiltonian flows and multidimensional maps
SALI —0 for chaotic orbits

SALI|I —constant# O for reqular orbits




Questions

Can we generalize SALI so that the new index:

e Can rapidly reveal the nature of chaotic orbits with
6.~ 6, (SALI e (cl02)t)?

* Depends on several Lyapunov exponents for chaotic
orbits?

» Exhibits power-law decay for regular orbits depending
on the dimensionality of the tangent space of the
reference orbit as for 2D maps?



Definition of Generalized
Alignment Index (GALI)

SALI effectively measures the ‘area’ of the parallelogram
formed by the two deviation vectors.
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Definition of Generalized
Alignment Index (GALI)

SALI effectively measures the ‘area’ of the parallelogram
formed by the two deviation vectors.

V, ()

ro V(1)

[ -0 [0+ V]
2
max{ VARAVA VRS vzu}
2
P(0)
Trajectory Area oc SALI

Area =V, AV || =
7. (0) rea=|V,"V,

01 (0) SALI -

—



Definition of GALI

In the case of an N degree of freedorlamiltonian systemor
a 2N symplectic map we followthe evolution of

k deviation vectors with Xk<2N,

and define (Ch.S., Bountis, Antonopoulos, 2007, Physica D)
the Generalized Alignment Index (GALI) of order k :

GALL ()= () AV (1) A AV (1) |

where
V4 (1)

v, )]

01 (t) =



Wedge product

We consider asa basisof the 2N-dimensional tangent space of the
systemthe usualset of orthonormal vectors:

& =(1,0,0,...,0) ¢ =(0,1,0,...,0), &,, =(0,0,0,...,1

Then for k deviation vectors we have:

Vl Vll

V2 — V21

_Vk i _Vkl
ZUNONEYSHETED Y

1<y <ip<---<i, <2N

V12
V22

Vk2

Vii,

Vi,

Vii,

V12N

V22N

Vk2N_

. O D
NooR




Norm of wedge product

We define as'norm’ of the wedge product the quantity :

2

Vii,

Vai,

Vii,

Vii,

Vai,

Viii,

Vii

Voi,

Vki

2

N 1/2



Computation of GALI - Example

Let us compute GALI; in the case of 2D Hamiltonian system(4-

dimensional phase space). o
B 7] B 7 1
1 Vll V12 v 13 v 14

>

<>

>

<>
N
Il
<
N
[
N

>

22 V23 V24'

w

<>
w

<
«

>

V32 V33 v 34

N



Computation of GALI - Example

Let us compute GALI; in the case of 2D Hamiltonian system(4-
dimensional phase space). o

B ] 1
1 Vll V12 v 13 v 14

>

<>

>

N

>

<>
N
Il

Voo Voo Vo Vol

3 _V31 V32 V33 V34_

>
N

>

N

Columns 1 2 3

GALI ;= Wl/\VAZ/\VASHZ W Vo Vgt




Computation of GALI - Example

Let us compute GALI; in the case of 2D Hamiltonian system(4-
dimensional phase space). o
B 7 B 7 1

>

Vi Vii. Vi Vg Vol |a
~ 2
Vo l=|Var Voo Vo Voula
~ 3
Vs | Va1 Vg Vg Vgl .

N

Columns 1 2 3, 1 2 4

GALI 3~ Wl/\vl\z/\vl\SHZ Woar Voo Voog +(Vo Vi Vol ¥




Computation of GALI - Example

Let us compute GALI; in the case of 2D Hamiltonian system(4-

dimensional phase space).

GALI ,= [ | AV , AV ,[= 1

\71 Vll V12
02 V21 v 22
03_ _V31 v 32
Columns 1
Vll
v 21
L Va
Vll 13 v 14
V21 23 24
V31 V33 34
1 3 4

V13

V23

V14

Vool

>

>

>

>

1

N

w

N




Computation of GALI - Example

Let us compute GALI; in the case of 2D Hamiltonian system(4-

dimensional phase space).

GALI ,= [ | AV , AV ,[= 1

\71 Vii. Vi Vg
02 =V 22 23
\73 1 Va 32 33
Columns 1 2
Viin. Vi
Voo Vo
L Var Vg
Vin. Viz Vg
Vo Vg 2 T
Var Vs 34
1 3 4

V14

Vool

>

1

>

N

>

w

>

N

V21
V31

V14

V24

2 4
12 Vg
Vo Vo
Vi Vg

1/2



Efficient computation of GALI

For k deviation vectors:

1

<>

2

O

N

Vi

Vll
V21

_Vkl

V12
V22

Vk2

V12N

. O o
=

N

V22N

N

Vk 2N _| _eZN i

the ‘norm’ of the wedge product is given by:

(2PNZNSYN'A ER

-

1<i; <i,<---<i, <2N

2

Vi, Vi,
Voi,  Vai,
Vi, Vki,

Liy

Voi,

2 1/2

L = /det(A-A")




Efficient computation of GALI

From Singular Value Decomposition (SVD) of A we get:
A'=U-W.V'

where U is a column-orthogonal 2Nxk matrix (UT-U=l), VT is a kxk
orthogonal matrix (V-VT=l), and W is a diagonal kxk matrix with
positive or zero elements, the so-callesingular values.So, we get:

det(A-A")=det(V-W'-U" -U-W-V')=det(VWIWV'E
k
det(V-W?.VT)=det(V -diag(w;,w3,..wy)-V )= ] [w’
i=1

Thus, GALI, is computed by (Ch.S., Bountis, Antonopoulos, 2008,
Eur. Phys. J. Sp. Top):

GALI .= \det(A A) = ﬁ/v . =log (GALI ) :Zkl‘pg W)




Behavior of GALI, for chaotic motion

GALIl , (2<k<2N) tends exponentially to zero with
exponents that involve the values of the first k largest
Lyapunov exponentse,, 6, ..., 6, :

GAL] (t) Oce'[(61'52)+(61'63)+---+(61'5k)]t
K

The above relation is valid even if some Lyapunov
exponents are equal, or very close to each other.



Behavior of GALI, for chaotic motion

N particles Fermi-Pasta-Ulam (FPU) system:
H ——Zp. +Z{ (Gus -0 ) %(qm -q )4}

with fixed boundary conditions, N=8 andp=1.5.
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Behavior of GALI, for regular motion

If the motion occurs on an s-dimensional torus with €N then the

behavior of GALI, is given by (Ch.S., Bountis, Antonopoulos, 2008,
Eur. Phys. J. Sp. Top.):

constant iIf 2<k<s
GALI (1) oc<tk1_S if s<k <2N-s
1 .
20 If 2N-s<k<2N

while in the common case with s=Nwe have :

(constant if 2< k<N
GALI () <! 1

£ 26-N)

if N<k <2N

\



Q=

E(t)

Behavior of GALI for regular motion

N=8 FPU system The unperturbed Hamiltonian (p=0) is written as a
sum of the so-calledharmonic energies E

E, :%(Pf +07Q7%), i=1,..,N

with:
N L] L]
2 . kim kln Al 17T
- E g, Sin P 0 =2sInf ————
N+14 N +1 2(N +1)
0.003 T T T T T ar7ery [ LN NN A R A: NN S S s S i iy ATV (VSN . L S S R S S NN AN SRR R
(a) | O
E1
5+
0.002 - 7 |
m m
4 0
< . < 15
a A
=] k=)
0.001 L2 L2 L
Es slope= -4
—  EEEE = '—glope— 12
R— 347 8 slope_-16 GALI1G
0.000 L : L L 1 I -8 Bob—e v N N
0 250000 500000 750000 1000000 25 30 35 40 45 50 55 6.0 30 35 40 45 50 55 60

t log(t) log(t)



Global dynamics
e GALI , (practically equivalent to the use of SALI)

e GALI

Chaotic motion: GALI -0
(exponential decay)
Regular motion:

GALI y—constant0

Chaotic orbit —1
Regular orbit

log(GALL)
|

-10 +
-12

14 L

16 . ] ] . A | i
0 200 400 600 800 1000

3D Hamiltonian
Subspace g=p5=0, p,=0 for t=1000.

04




Global dynamics

GALI , with k>N
The index tends to zero both for 2D Hamiltonian (Henon-Heiles)
regular and chaotic orbits but with Time needed for GALI,<10"*
completely different time rates:

Chaotic motion: exponential decay
Regular motion: power law

0 v T : T g T ’ T
Chaotic orbit — -
2 Regular orbit ——

log(GALI,)

0 100 200 300 400 500




Behavior of GALI,

Chaotic motion:
GALI ,—0 exponential decay

GALI (t) Oce'[(51'52)+(51'°3)+---+(51'5k)]t
K

Reqular motion:
GALI , —constant# 0 or GALI, —0 power law decay

-

constant If 2<k<s

1 If s<k <2N-s

tk_-s

f 2N-s<k<2N

k-
L'[2( N)




E(t)

Regular motion on low-dimensional tami

A regular orbit lying on a 2-dimensional torusfor the N=8
FPU system.
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E(t)

Regular motion on low-dimensional tami

A regular orbit lying on a 4-dimensional torus for the N=8
FPU system.
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Locating low-dimensional tori

Orbits with g ,=9,=0.1, p=p,=p;=0, H=0.010075 for the N=4
FPU system (Gerlach, Eggl, Ch.S., 2012, Int. J. Bif. Chaos).
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Locating low-dimensional tori

Orbits with g ,=9,=0.1, p=p,=p;=0, H=0.010075 for the N=4
FPU system (Gerlach, Eggl, Ch.S., 2012, Int. J. Bif. Chaos).
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Locating low-dimensional tori

Orbits with g ,=9,=0.1, p=p,=p;=0, H=0.010075 for the N=4
FPU system (Gerlach, Eggl, Ch.S., 2012, Int. J. Bif. Chaos).
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Locating low-dimensional tori

Orbits with g ,=9,=0.1, p=p,=p;=0, H=0.010075 for the N=4
FPU system (Gerlach, Eggl, Ch.S., 2012, Int. J. Bif. Chaos).
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Summary

 GALI , indices:

v
v

v

v

candistinguish rapidly and with certainty between regular and chaotic motion

can be used to characterizandividual orbits as well as"chart" chaotic and
regular domains in phase space.

are perfectly suited for studying the global dynamics of multidimentonal
systems

can identify regular motion on low—dimensional tori

 SALI/GALI methods have been successfullyapplied to a variety of conservative dynamical
systemsof

v

v

Celestial Mechanics (e.g. Széll et al., 2004, MNRAS - Souésal., 2008, Cel. Mech. Dyn.
Astr. - Libertet al., 2011, MNRAS)

Galactic Dynamics (e.g. Capuzzo-Dolcetta et al., 2007, Asph. J. - Carpintero, 2008,
MNRAS - Manos & Athanassoula, 2011, MNRAS)

Nuclear Physics (e.g. Macek et al., 2007, Phys. Rev. C - Sty et al., 2007, Phys.
Atom. Nucl. - Stransky et al., 2009, Phys. Rev. E)

Statistical Physics (e.g. Manos & Ruffo, 2010, Trans. ThegrStat. Phys.)
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